Abstract-A constant three-user interference channel wherein users are not symbol synchronous is considered. A novel practical interference alignment scheme for this channel is proposed wherein aligning interfering signals at each receiver is performed with the help of asynchronous delays which inherently exist among the received signals at each receiver node. Due to the existence of asynchronism among the users, the underlying quasistatic flat fading links are converted into frequency selective and accordingly into time varying channels with correlated coefficients across the time. This solves the lack of channel variation required for interference alignment in quasi-static scenarios. It is proved that the proposed scheme achieves the total degrees of freedom equal to 3/2 of this channel almost surely in the limit of codeword's length. Application of the proposed scheme is not limited to high signal to noise ratio (SNR) regime and it can be used in any range of SNR.
I. INTRODUCTION
Asynchronism inherently exists in many communication mediums due to the effect of multi path and propagation delay. As a fundamental issue in design of communication systems, asynchronism can detrimentally affect the system performance if it is ignored or not dealt with properly. On the contrary, some exceptions have been reported wherein the asynchronism has helped to improve the system performance. For example, in [1] , it is shown that the capacity region of a symbol asynchronous two user Gaussian multiple access channel is bigger than that of the corresponding synchronous channel when the asynchronous delay among the users is known at the transmitters. Delay diversity [2] , faster than Nyquist rate transmission [3] , cyclic delay diversity in orthogonal frequency division multiplexing (OFDM) [4] , avoiding unintentional beam forming [5] , and bit-error rate enhancement [6] are also some instances wherein asynchronism helps to improve the system performance. In this work, we benefit from asynchronism to propose a novel signaling scheme for a constant three-user asynchronous interference channel (AIC).
Calculation of the capacity region of the interference channel is an open problem for almost thirty years [7] . Recently significant progresses have been made mainly through approximations resulting in to drive the capacity region of the two-user interference channel within one bit per second per hertz [8] , [9] . For such channels which the capacity region is not known, to acquire a feeling of the shape of the capacity region at least for large values of signal to noise ratio (SNR), the region of degrees of freedom (DOF) is studied which is defined as the limit of the ratio of the capacity region over log SNR when SNR goes to infinity. Similarly, the total number of DOF is defined as the pre-log factor of the maximum sum capacity for large values of SNR. In [10] , it is shown that the total DOF of the K-user interference channel is K/2 if fading coefficients are time/frequency/space varying, that is, each pair can benefit from half of its original degree of freedom with no interference from other pairs. This upper bound is achieved by a technique called Interference Alignment. The main idea of interference alignment is to design signals such that the interference signals at each receiver overlap while the desired signal remains distinct [11] , [12] .
In practice, however, transmission rate is usually much faster than rate of channel variation resulting in quasi-static (constant) or block fading channel models. For such channels where the links coefficients are fixed values for a long period of time, it is shown in [13] that the total multiplexing gain is upper bounded by K/2. However, the authors conjuncture that it can not be more than one regardless of the number of users. This is known as the Host-Masden-Nosratinia conjuncture. Inspired by the idea of interference alignment for time/frequency/space varying channels, many efforts have been made to extend the idea to more practical constant interference channel and equivalently to reject the Host-MasdenNosratinia conjuncture. However, it is not a trivial extension of the idea of [10] because the assumption of having varying channel coefficients is necessary for the achieving scheme to work.
In [14] , it is shown that in a quasi-static K-user interference channel with real fading coefficients, there are K/2 degrees of freedom if the direct fading coefficients are irrational and the crossing gains are rational numbers, while it is strictly less than K/2 when all the coefficients are rational numbers. Although interference signals are perfectly aligned using the proposed lattice based scheme, the assumption on the values of the channel coefficients in this work restricts the result to a subset of measure zero of all possible channel coefficients. In [15] , using asymmetric complex signaling over constant interference channel, it is shown that a minimum total DOF equal to 1.2 is achievable for almost all values of channel coefficients (unless for a subset of measure zero) of an interference channel with three or more users. Inspired by [14] , in [16] , authors take advantage of properties of rational and irrational numbers to virtually increase the number of DOF of a quasi-static single-input single-output channel. The results are applied into a constant K-user interference channel to align the users' interferences and to achieve the total DOF equal to K/2 on this channel. While the proposed scheme performs the alignment task almost surly at infinite SNR, it does not suggest a feasible solution to implement the algorithm in practical range of signal to noise power ratio.
Propagation delay based interference alignment was first proposed in a toy example to clarify the idea of interference alignment [17] . It was then explored more in [18] via an example of proper node placement in a wireless network containing four nodes to align the interference signals based on their propagation delays. In [19] , a fully connected K-user interference channel is modeled by a time indexed interference graph and the alignment task is associated with finding the maximal independent set of the graph via a dynamic programming algorithm. As a simplifying approximation in this work, the "sinc" waveform is replaced by the "rectangular" waveform while at the same time the system is contradictory assumed to be strictly bandwidth limited. In addition, the asynchronous delays among the received signals at each receiver are assumed to be integer factors of the symbol interval which is unrealistic.
In this paper, we propose a novel interference alignment scheme for the constant three-user asynchronous interference channel by taking advantage of asynchronous delays which inherently exist among the received signals at each receiver node. The asynchronism causes inter-symbol interference (ISI) among transmitted symbols by different transmitters. To manage the ISI, OFDM is used. It is shown that under asynchronous assumption, the underlying quasi-static links are converted into time varying channels solving the lack of channel variation required for interference alignment in quasistatic scenarios. Although it is general, for simplicity and ease of understanding, we present the scheme for the threeuser interference channel. In contrast to previously proposed alignment schemes, the channel state information of the links does not need to be known at the transmitter nodes. Instead, the relative delays among the received signals at each receiver node is globally known to the entire network. The results do not merely hold for large values of SNR and is valid for any value of transmitted power.
Notations: In this work, letters with underline x, X denote vectors, and boldface uppercase letters X denote matrices. The superscripts (·)
T , (·) † denote the transpose and the conjugate transpose of the corresponding vector or matrix, respectively. I n is the identity matrix of dimension n.
II. ASYNCHRONOUS INTERFERENCE CHANNEL

A. System Description
We consider a three-user interference channel consisting of three pairs of transmitters and receivers. Each node is equipped with a single antenna. We assume that the fading coefficients are constant non-zero random variables drawn independently from a probability distribution. The channel coefficient between the j-th transmitter and the i-th receiver is denoted by h i,j where i, j ∈ {1, 2, 3}. The transmitters, commonly using a share medium, send their individual messages to the corresponding receivers. Due to the broadcast nature of the wireless channel, the desired signal at each receiver is interfered with other transmitted signals.
Since the nodes are located at different places and due to the effect of multi path and propagation delay, the received signals at each receiver node are not synchronous. We assume that the signals are frame synchronous; however, they are not symbol synchronous, i.e., the beginning and the end of each frame align up to a dither of length less than a symbol interval, T s . To be more accurate, let τ i,j denote the relative delay of the received signal from the j-th transmitter to the i-th receiver with reference to the earliest received signal to this receiver node. It is a continues time random variable which depends on the propagation medium. We assume that τ ij s are constant during transmission of a frame. Since the nodes are frame synchronous and not symbol synchronous, 0 ≤ τ i,j < T s , ∀i, j ∈ {1, 2, 3}. Let
We assume that τ
q,j s are different ∀i, j, q ∈ {1, 2, 3}, q = j. Each transmitter uses a unit energy shaping waveform ψ j (t), j ∈ {1, 2, 3} spanned over p symbol intervals, i.e., ψ j (t) = 0, ∀t ∈ [0, pT s ]. The transmitted signal of the j-th transmitter is modeled by
where
T is the vector of transmitted symbols by the j-th transmitter and ℓ is the codeword's length. These signals are received asynchronously at the receivers. The received signal at the i-th receiver is modeled by
where z i (t) is the noise signal at the i-th receiver node. y i (t) is passed through a matched filter adjusted on the desired link. The output of the matched filter sampled at t = (k + 1)T s + τ i,i , k = 0, . . . , ℓ − 1 is given by
B. Signaling Scheme
Due to existence of asynchronism among the received signals at each receiver node, ISI occurs, i.e., at each receiver, each symbol of the desired signal is interfered by 2p − 1 symbols of the other transmitted signals. This ISI is the source of channel variation in our proposed scheme. To manage the ISI, OFDM is used. Using OFDM, asynchronous delays are converted into phase shifts and appear as multiplicative factors of the fading coefficients.
At the j-th transmitter, a codeword of length N ,
T is first passed through an inverse discrete fourier transform (IDFT) filter. The output vector
T is then supported by a cyclic prefix and a cyclic suffix (CPS) each of
length p + 1 symbols such that the first and the last p + 1 symbols of X j are respectively repeated at the end and at the beginning of this vector. The resulted vector X
T of length ℓ = N + 2(p + 1) is transmitted over the channel. The received signal model at the i-th receiver node is given by (6) where
is passed through a filter matched on the desired link. The output of the i-th receiver's matched filter sampled at t = (k + 1)T s + τ ii , k = 0, 1, . . . , ℓ − 1, is given as follows.
CPS symbols are discarded at the destinations. By throwing off the first and the last p + 1 samples at the output of the matched filters, we obtain
Γ i,j of size N × N is given in equation (5) . Note that Γ i,j is the circular convolution matrix of the vectorγ i,j
T of length N . Clearly, N should be large enough such that N ≥ 2p.
By taking DFT of both sides of (8), we obtain
where y i and z i are the DFT of Y i and Z i , respectively. Moreover,
where diag{·} indicates a diagonal matrix of its arguments and
is the q-th element ofγ i,j . As can be seen from (9), the original quasi-static channel with constant fading coefficients h i,j , i, j ∈ {1, 2, 3} is converted into a time varying channel with fading coefficients as
Proposition 1: Λ i,j s are distinct matrices ∀ i, j ∈ {1, 2, 3} with probability one. They are invertible matrices and their diagonal entries are bounded.
Proof: To address the distinction of Λ i,j matrices, notice that the asynchronous delays are continues time random variables over 0 ≤ τ i,j < T s which depend on the propagation delays and the multi path effect. Hence, they are distinct with probability one resulting in distinctγ i,j sequences and equivalently distinct Λ i,j matrices.
To verify the invertibility of these matrices, we need to show that the diagonal entries of Λ i,j are all non-zero numbers. For this sake, define γ i,j (τ ), the cross correlation function of two shaping waveforms ψ i (t) and ψ j (t), as follows.
We assume that all shaping waveforms have the same lowpass frequency support W . If p is finite, W → ∞ and vice versa. γ i,j (τ ) has the same frequency support as of the one of the shaping waveforms because it can readily be shown that Γ i,j (ω) = Ψ * i (ω)Ψ j (ω), where Γ i,j (ω), Ψ i (ω) are the Fourier Transforms of γ i,j (τ ), ψ i (t), respectively. Let W 0 be the frequency bandwidth of the shaping waveforms when p → ∞. W 0 is a finite value and W 0 ≤ W . To take best advantage of the frequency degrees of freedom, the sampling frequency
Ts is chosen as the Nyquist sampling rate equal to 2W 0 . Let γ 
waveforms have a time support equal to pT s , the cross correlation function is spanned over a time support smaller than or equal to 2pT s . We assume that N ≥ 2p.
Remark 1: Z i in (8) is the correlated noise vector at the i-th receiver node. The covariance matrix Φ i of this vector is given in (11) . Φ i is a Hermitian banded Toeplitz matrix of order p which is asymptotically equivalent to the Hermitian matrix Γ i,i given in (5). In addition, eigenvalues of Φ i and Γ i,i are asymptotically equally distributed [20] . Since the matrices are Hermitian, their eigenvalues are all non-negative real numbers. It is also shown that eigenvalues of Φ i are bounded by the maximum and minimum eigenvalues of Γ i,i [20] , [21] which are positive bounded values according to Proposition 1. Therefore, for large values of N , Φ i is a positive definite matrix with all non-zero real bounded eigenvalues. The correlated noise vector can be whitened by passing the received signal vector through a whitening filter. However, it is not necessary at the level of our interest. Because the nonzero bounded eigenvalues of Φ i do not affect the the total number of degrees of freedom of the underlying channel.
Lemma 1: If the shaping waveforms are well designed, for
TS , i, j ∈ {1, 2, 3} is a continuous random variable distributed over −1 <τ
Proof is given in [22] and is omitted here for brevity. This Lemma represents the shift property of the DFT for noninteger delays.
Corollary 1: If the shaping waveforms are well designed such that most part of the their energy is concentrated on a limited bandwidth W , the underlying system can be wellapproximated by a strictly limited bandwidth system with bandwidth W . For common practical shaping waveforms such as the truncated versions of the "sinc" and the "raised-cosine" waveforms if p is a finite value large enough, transmitted signals can approximately be assumed to be strictly bandwidth limited. In this case, Lemma 1 is still valid with a good approximation.
According to Lemma 1 and Corollary 1, if the shaping waveforms are well designed, for large enough values of p, Λ i,j can be well-approximated as follows.
j,i }.
III. ALIGNMENT SCHEME, ACHIEVING TOTAL DOF = 3/2
In a three-user interference channel where the transmitters use shaping waveforms of length pT s , by proceeding the footsteps of [10] , we define a scenario in which the first transmitter sends n + 1 independent streams of symbols via n + 1 distinct direction vectors each of length N = 2n + 1 to the first receiver. Each of the two other transmitters sends n streams of symbols via n distinct direction vectors each of the same length N to the corresponding receivers. The pre-coding matrix V i , i = 1, 2, 3, at the i-th transmitter node is defined such that it contains all the corresponding direction vectors.
where m = n + 1 for i = 1, and m = n for i = 1. v k i , k = 1, 2, . . . , m, of size N × 1 is the k-th direction vector of the i-th transmitter. These vectors are supposed to be chosen such that at each receiver the interfering signals cast overlapping shadows while the desired signal remains distinct of the interferences. In synchronous quasi-static scenarios where the channel coefficients are constant for a long period of time, if the direction vectors are chosen as they are defined for time/frequency/space varying channels in [10] , they all overlap and merge into a single direction vector which contradicts with the main objective of the interference alignment. Our goal is to overcome this shortcoming by deploying asynchronous delays among the received signals at each receiver. Moreover, in the proposed scheme in [10] , fading coefficients of a link are independently chosen from a predetermined distribution at the beginning of each symbol interval; however, in our scenario, fading coefficients are correlated across the time resulting in a more sophisticated situation. We will show that even under channel correlation, the alignment task can almost always be completed.
Matched filter Fig. 1 . Interference alignment over the three-user asynchronous interference channel Fig. 1 shows the block diagram of the proposed interference alignment scheme. At the i-th transmitter, a vector of information symbols x j is multiplied by a precoding matrix V j and then is passed through the IDFT filter. The resulted vector is supported by enough number of cyclic prefix and cyclic suffix symbols and is transmitted over the channel. Here we assume that x 1 is of length n + 1 and x 2 , x 3 are of length n. The precoding matrix V 1 is of size N × (n + 1) and V 2 , V 3 are of size N × n, where N = 2n + 1. At the receivers, CPS symbols are discarded. According to (9) , the received signal model at the i-th receiver node is given as follows.
where Λ i,j is defined in (10) . At the first receiver, interfering signals from the second and the third transmitters should be aligned. In other word, the subspaces that are spanned by these signals should completely overlap.
where span X denotes the vector space spanned by the generator matrix X. At the second receiver, interfering signals from the first and the third transmitters should cast overlapping shadows. Since these signals lie respectively on n + 1 and n dimensional vector spaces, the direction vectors should be chosen such that the smaller vector space is embedded into the bigger one. Similar argument is valid at the output of the third receiver.
where ⊂ denotes that the left hand side space is a subspace of the right hand side one. In addition, to guarantee that the desired signals remain distinct of interferences, the union of subspaces of the desired and the interfering signals at each receiver node should span the whole vector space of dimension N , i.e.,
where C is the field of complex numbers.
Remark 2:
As can be seen in (15)- (17), the quasi-static channel coefficients h i,j s appear as constant scaling factors of the generator matrix of the vector spaces. Since a vector space is closed under scalar multiplication, it remains the same if the generator matrix is scaled by a constant value. Therefore, the fading coefficients h i,j s do not play a role in aligning interference signals and can be neglected as long as they are non-zero.
To design precoding matrices, by following the footsteps of [10] , a simple choice of generator matrices is considered.
where ≺ indicates that the columns of the left hand side matrix is a subset of the columns of the right hand side matrix. These equations can be simplified as follows.
Since Λ i,j s are diagonal distinct random matrices, T is a random diagonal matrix. Now, if we choose A, B, and C properly such that they satisfy (19) , the precoding matrices can be obtained from (20) . For this sake, let w be a vector of size N × 1 with all non-zero entries and assume that A, B, C are chosen as follows.
It is easily seen that these matrices satisfy the required conditions of (19) . To show that the precoding matrices obtained from the designed A, B, C perform the alignment task, we need to prove that first A, B, and C are full column rank matrices and second, the image of the precoding matrices at each receiver node span the whole vector space, i.e., at receiver one, the generator matrix of the resulted
In general, transmitter nodes can use different shaping waveforms; however, analyzing the problem in general case is rather involve. To simplify the math, in continue, we restrict ourself to a more practical situation wherein all transmitters use a common shaping waveform, i.e., ψ j (t) = ψ(t), ∀ j ∈ {1, 2, 3}. Since the shaping waveforms are the same,Λ i,j is the same for all i, j ∈ {1, 2, 3}.
According to Corollary 1 for large enough values of p, B, C, and T in (20) can be rewritten as follows.
Ts , ∀ i, j, q ∈ {1, 2, 3} andτ t =τ [2] 3,1 +τ
1,2 . Note thatτ t andτ [i] q,j , ∀ i, j, q, j = q, are continuous random variables which are not zero with probability one.
Proposition 2: A, B, and C defined in (21) are almost surly full column rank matrices.
Proof: Since T is diagonal, A can be written as follows.
where W = diag{w} andT = t 0 , t 1 , . . . , t n of size N × (n + 1). t i is a vector of size N × 1 containing the i-th power of the diagonal entries of T.
Nτ t , . . . , e −ξi
Since w contains all non-zero entries, it is easily seen that
where rank X is the rank of the matrix X. Consider the (n+1)×(n+1) top left sub matrix ofT. It is a Vandermound matrix which its determinant is given by the multiplication of all the elements of a set which contains the difference of every two non-trivial entries of the generator vector of that matrix. Hence, if the fist n+1 entries of t 1 are distinct, the determinant of this sub matrix is not zero andT is a full column rank matrix. For q, s ∈ {0, 1, . . . , n} and q = s
Where Z is the ring of integers. Sinceτ t is a continuous random variable distributed over −3 <τ t < 3, the probability thatτ t = kN s−q is zero. Therefore,T and equivalently A are almost surly full rank matrices. Note thatτ t does not necessarily need to be an irrational number to make A a full rank matrix. Since B and C are sub matrices of A, they are also full column rank matrices almost surely.
Proposition 3: The images of the precoding matrices designed based on A, B, C given in (21) span the whole vector space at each receiver node.
Proof: is given for the vector space at the receiver one. The generator matrix of the vector space
at this receiver should be a full rank matrix. By replacing V 1 and V 3 by their corresponding values from (20) , it is seen that [A, FB] equal to w, Tw, . . . , T n w, Fw, FTw, . . . , FT n−1 w should be a full rank matrix where
2,3 Λ 2,1 is a random full rank matrix. F is simplified as F = E (τ f ), whereτ f =τ [1] 3,1 +τ To show thatT is a full rank matrix, its determinant is verified.
Remark 3: The Leibniz formula for the determinant of any N × N matrix X is [23] 
where S N is the set of all permutations σ of the numbers {1, 2, . . . , N } and sgn(·) is the sign function.
According to Remark 3, detT can be written as follows.
where g k (φ) is a polynomial of φ with integer coefficients. If φ is known, detT is itself a polynomial of θ with g k (φ), k = 0, 1, . . . , n(n + 1), as its coefficients. By considering those threads ofT with entries containing the highest and the lowest powers of θ, the maximum and the minimum possible powers of θ in detT are 1 2 n(3n + 1) and 1 2 n(n − 1), respectively. If detT = 0, one or more of the followings are true.
-θ = 0, or -φ is a common root of all the polynomials g k (φ), i.e., g k (φ) = 0, ∀ k ∈ {0, 1, . . . , n(n + 1)}, or -Assuming φ is known, θ = 0 is a root of detT, i.e., n(n+1) k=0 θ k g k (φ) = 0. -detT is equivalent to zero, i.e, all terms are canceled out.
Nτ f , it can not be zero.τ t is a continuous random variable over −3 <τ t < 3. Hence, the probability of the event that φ = e −ξ 2π Nτ t is a common root of all the polynomials g k (φ), k = 0, 1, . . . , n(n + 1) is zero.τ f is a continuous random variable over −2 <τ f < 2, hence assuming φ is known, the probability of the event that θ is a root of the polynomial
One can also check that at least the term with the minimum power of θ has a non-zero coefficient almost surely. Hence the last event does not happen with probability one. Since none of the above events occurs with probability greater than zero, detT is almost always non-zero.
Although for some values of θ such as θ = 0, 1, φ, φ 2 , . . . , φ n , φ −1 , φ −2 , . . . , φ −n+1 , matrixT is rank deficient, it is a full rank matrix for almost all values of channel coefficients except for a subset of measure zero. This concludes the proof. For two other receivers, proof is similar and is omitted for brevity.
Theorem 1: The proposed interference alignment scheme achieves the total DOF equal to 3/2 over the constant threeuser asynchronous interference channel almost surly.
Proof: According to propositions 2 and 3, for p a finite value large enough, it is shown that 3n + 1 independent information symbols are transmitted interference free over 2n + 1 + 2(p + 1) symbol intervals, where the extra 2(p + 1) symbol intervals are due to transmitting cyclic prefix and cyclic suffix each of length p+1 symbols. Hence, the efficiency of the transmission scheme is 3n+1 2n+1+2(p+1) regardless of the type of the shaping waveform which is used. For a finite value of p, when n → ∞, this fraction becomes arbitrary close to 3/2. For the case that all transmitters use a long enough truncated version of the sinc waveform, the total DOF of the channel equal to 3/2 is achieved. This concludes the proof.
Remark 4: According to definitions of T and F, we have FT = E(τ t +τ f ), whereτ t +τ f =τ [2] 3,1 +τ
2,3 +τ
1,2 +τ 2,1 −τ [3] 2,1 .
The last equality comes from the fact thatτ
q,j =τ i,q − τ i,j , ∀ i, j, q ∈ {1, 2, 3}. Clearly, ifτ [1] 2,1 =τ [3] 2,1 , FT = E(0) = I N . This results inT to be a rank deficient matrix of rank order n + 1. In the asynchronous system under consideration, this event does not happen with probability one because the asynchronous delays are continuous independent random variables due to the nature of the propagation medium. However, this imply that the proposed algorithm cannot be adapted to use in fully synchronous interference channels by manually inserting artificial delays among the transmitter nodes. Because, in this case,τ [1] 2,1 −τ [3] 2,1 = 0 resulting in a rank deficient matrixT.
Theorem 1 shows that the proposed scheme achieves the total DOF of the underlying channel in the limit of the codeword's length. However, the existence of CPS symbols at each OFDM symbol avoids achieving the same total DOF of the corresponding time varying channel equal to 3n+1 2n+1 at finite length codewords. Note that in our proposed scheme:
• the role of OFDM (IDFT at the transmitters and DFT at the receivers) in the proposed algorithm is to convert the underlying ISI interference channel into a parallel interference channel with no ISI. Although this simplifies the mathematical derivations, using OFDM is not necessary for the algorithm to work. However, inserting CPS symbols at the beginning and at the end of each frame is necessary to validate our proofs.
• since asynchronous delays do no necessarily need to be irrational numbers, a finite number of quantization levels is required to implement the scheme in any range of SNR.
• although the asynchronous delays are assumed to be less than a symbol interval, generalization to arbitrary values of asynchronous delays is straightforward.
• the proposed scheme can be generalized to use in a K-user interference channel, K > 3 with no major modifications.
• having a large p which validates Corollary 1 is only a sufficient and not a necessary assumption to perform the alignment task. In fact this assumption makes the problem mathematically tractable.
IV. CONCLUSION
We showed that inherent asynchronism which exists among the users of an interference channel is beneficial from interference alignment point of view. We proposed a novel alignment scheme for the quasi-static three-user interference channel by deploying asynchronous delays which inherently exit among the received signals at each receiver node. Application of the proposed scheme does not confine to high values of SNR and it can be used in any range of signal to noise power ratio.
